A new derivation of reduced magnetohydrodynamic ͑MHD͒ equations is presented. A multiple-time-scale expansion is employed. It has the advantage of clearly separating the three time scales of the problem associated with ͑1͒ MHD equilibrium, ͑2͒ fluctuations whose wave vector is aligned perpendicular to the magnetic field, and ͑3͒ those aligned parallel to the magnetic field. The derivation is carried out without relying on a large aspect ratio assumption; therefore this model can be applied to any general toroidal configuration. By accounting for the MHD equilibrium and constraints to eliminate the fast perpendicular waves, equations are derived to evolve scalar potential quantities on a time scale associated with the parallel wave vector ͑shear-Alfven wave time scale͒, which is the time scale of interest for MHD instability studies. Careful attention is given in the derivation to satisfy energy conservation and to have manifestly divergence-free magnetic fields to all orders in the expansion parameter. Additionally, neoclassical closures and equilibrium shear flow effects are easily accounted for in this model. Equations for the inner resistive layer are derived which reproduce the linear ideal and resistive stability criterion of Glasser, Greene, and Johnson ͓Phys. Fluids 18, 875 ͑1975͔͒.
I. INTRODUCTION
Reduced descriptions of the magnetohydrodynamic ͑MHD͒ equations have a number of attractive features for theoretical and numerical calculations. [1] [2] [3] [4] [5] [6] [7] The goal of these descriptions is a reduced set of equations that embody the most salient physics of MHD stability properties in magnetized, toroidal plasmas. These reduced models eliminate the fast time-scale magnetosonic waves, which significantly constrain the computational speed of solving the full MHD equations and do not significantly contribute to instabilities. Strauss 1 introduced these models by reducing the MHD equations using the inverse aspect ratio of the torus as the expansion parameter. Hazeltine and Meiss 5 furthered the basic physics understanding of reduced MHD by giving a derivation using k ʈ /k Ќ as the expansion parameter, which was introduced as a means to eliminate the fast time scale associated with motions perpendicular to the magnetic field. The Hazeltine and Meiss derivation is a superset of the original derivation in Ref. 1 since in large aspect ratio devices, this expansion parameter scales as
where a, R, and q are the plasma minor radius, major radius, and safety factor, respectively, which is formally small in the large aspect ratio tokamak ordering. Despite the success in heuristically explaining the fundamental physics of reduced MHD equations, some aspects of the derivation given by Hazeltine and Meiss are unsatisfactory. A separation between the equilibrium length scale and parallel length scale is not made, which makes the identification of the MHD equilibrium conditions difficult. More seriously, however, their form of the perturbed magnetic field is not divergence free and energy is not conserved to all orders. The goal of the present work is to derive a set of reduced equations which do not have these inadequacies and to further clarify the physics of reduced MHD.
A recent derivation of reduced equations by Strauss 6 has many similarities to the derivation by Hazeltine and Meiss and the derivation in this work. In Ref. 6 , an expansion is made around a large ''vacuum'' magnetic field that is divergence and curl-free. The expansion parameter used is the ratio of the induced field to the vacuum magnetic field which can be shown to be consistent with k ʈ /k Ќ being small. Contrary to what is stated in the paper, however, this derivation is not valid for low-aspect ratio tokamaks because such devices typically have induced magnetic fields comparable to the vacuum magnetic field. 8, 9 We also note that the same length-scale ordering used here has recently been applied to the ideal MHD Lagrangian for studying ballooning modes in three-dimensional configurations. 10 Although the motivations are different, there are many parallels to this work and it provides a useful contrast to this paper.
In this paper, a set of reduced MHD equations, which are valid at any aspect ratio, are derived using k ʈ /k Ќ as a small expansion parameter. In Sec. II, the ordering is introduced and shown to naturally lead to a multiple time-and lengthscale expansion. Then it is applied to the MHD equations. The fundamental assumptions of reduced MHD are elucidated by examining the behavior on the fastest time scale. In Sec. III, equations having the same structure as other reduced equations are derived that evolve only scalar quantities and satisfy the constraints required to eliminate the fast motions. Energy conservation and the procedure for maintaining a divergence-free magnetic field are shown. An additional advantage to the model introduced here relative to previous reduced MHD models is the ability to introduce additional physics. In this section, we also discuss two additional physics effects: the self-consistent incorporation of sub-Alfvenic equilibrium flow profiles and neoclassical closures. In Sec. IV, we develop a linear stability analysis for resistive modes using the reduced equations derived in this paper based on a thin-layer width approximation. Finally, in Sec. V we discuss and summarize the findings.
II. FUNDAMENTALS OF REDUCED MHD
The ordering used in this derivation is designed to look at modes whose wavelengths are small compared to the minor radius a ͑equilibrium scale length͒ and to the parallel wavelength, i.e.,
where ⑀Ӷ1, and the wavelength ordering is defined for directions relative to a large-scale magnetic field. Since magnetic shear localizes modes in the perpendicular direction, many MHD instabilities are characterized by this ordering. These perturbations are called ''flute'' 5,10 perturbations because the magnetic surfaces of such perturbations resemble a fluted column.
To formally obtain the ordering of Eq. ͑2͒, we order the space and time dependencies of first-order quantities as
where the notation x ជ Ќ (x ជ ʈ ) denotes spatial dependence of perturbed quantities in the direction perpendicular ͑parallel͒ to the zeroth-order magnetic field, and t Ќ and t ʈ are the time scales associated with their respective spatial scales. When applying the gradient operator to a perturbed quantity Q 1 , this ordering of the spatial scales gives the desired small k ʈ /k Ќ :
͑4͒
The time scales have the same ordering as the spatial scales:
͑5͒
The terms parallel and perpendicular here are defined with respect to a zeroth-order magnetic field such that
where b 0 ϵB ជ 0 /B 0 . Because the expansion is performed in terms of anisotropic, spatially dependent operators, which introduces subtleties in the derivation, further properties of the perpendicular and parallel gradient operators are given in Appendix A. The expansion parameter is given by the anisotropy of the perturbed response; therefore the zeroth-order quantities are ordered as
so that their spatial scales (x ជ ) and time scales ͑t͒ are not separated by direction. The MHD variables are ordered then as
where ,p,B ជ ,V ជ ,⌸, and ⌸ e are the plasma density, pressure, magnetic field, flow velocity field, total stress tensor, and electron stress tensor, respectively. Note that no assumptions are made on the zeroth-order quantities a priori ͑i.e., it is not assumed that they satisfy the usual MHD equilibrium force balance͒. This derivation most significantly differs from previous derivations of reduced equations by explicitly keeping the zeroth-order and the perpendicular time scales. They are kept here because the multiple-time-scale analysis allows one to observe the behavior of motions on these time scales as well as the desired t ʈ time scale. The stress tensor ⌸ is the sum of both the ion and electron contributions and is ordered ⑀. The electron stress tensor ⌸ e and the resistivity, , are ordered as ⑀ 2 . We apply the ordering of Eq. ͑8͒ to the MHD equations including the anisotropic stress tensor, but neglecting heat flows:
We assume that the zeroth-order quantities do not vary on the perpendicular time scale and assume wavelike solutions for the first-order quantities:
A perpendicular time-scale average is introduced and given by
This averaging operator is applied to Eqs. ͑10͒ to yield the longer time-scale behavior of these leading-order equations. After taking this average, the terms on the right side vanish and leave
which shows that the zeroth-order quantities satisfy the MHD equilibrium equations exactly. The equilibrium equation shows the need for a separation between the equilibrium length scale (x ជ ) and the parallel length scale (x ជ ʈ ), which was not done in the Hazeltine and Meiss derivation which used Q 0 ϭQ 0 (x ជ ʈ ). The nontrivial projection of the last equation is in the perpendicular direction: ٌ ជ Ќ (p 0 ϩB 0 2 /2)ϭB 0 2 ជ , where ជ ϵ(b 0 •ٌ ជ )b 0 is the curvature vector associated with the lowest order magnetic field. The formulation of Hazeltine and Meiss would give ٌ ជ Ќ p 0 ϭ0. Conceptually, such a separation of equilibrium and parallel length scales is desirable because the expansion parameter is then based on the anisotropy of the perturbation response, rather than the scale lengths of the equilibrium.
Equation ͑13͒ is used to eliminate zeroth-order quantities. Then the perturbed parts of Eqs. ͑10͒ can be written as
where V S 2 ϭ⌫p 0 / 0 and V A 2 ϭB ជ 0 2 / 0 . These are the leadingorder equations for fast magnetosonic waves that justifies the wavelike behavior assumed. Magnetosonic wave motions do not significantly contribute to linear MHD stability, 11 but place a severe Courant-Friedrichs-Lewy ͑CFL͒ numerical constraint 12 on numerical solutions of the full MHD equations. To eliminate the fast, perpendicular time scale in the equations ͑i.e., to obtain ‫ץ‬Q 1 /‫ץ‬t Ќ ϭ0), one chooses
as constraints on our equations. These constraints form the basis of the reduction of the MHD equations, and explicitly show the reduced MHD assumption corresponds to fast magnetosonic waves equilibrating to the ideal MHD equilibrium, Eqs. ͑13͒. With these constraints, the O(⑀) equations become
As before, the left side of these equations describes fast magnetosonic waves for the second-order quantities. These motions can again be eliminated using the averaging operator in Eq. ͑12͒, and one is left with averages of the right side over the fast (t Ќ ) time scale. As discussed later, parts of V ជ 2 will be kept in the derivation which cause ٌ ជ Ќ •V ជ 2 ϭ " 0 so that energy conservation is guaranteed; however, ‫ץ‬Q 2 /‫ץ‬t Ќ ϭ0 will be assumed. The remaining equations have eight variables. Equations ͑15͒ and ٌ ជ
•B ជ ϭ0 introduce three constraints which leaves five fundamental variables. In the following section, Eqs. ͑16͒ are used to derive five equations to evolve five scalar quantities.
III. REDUCED MHD EQUATIONS

A. Derivation
In this section evolution equations for five scalar variables are derived using the information deduced from the lowest order equations of the previous section:
͑1͒ If the constraints of Eq. ͑15͒ are satisfied, quantities do not vary on the perpendicular time scale. ͑2͒ Zeroth-order quantities satisfy an equilibrium equation and do not vary with time.
Before beginning the derivation, energy conservation is briefly considered. Energy conservation for the MHD equations is shown by casting the equations in the form
where w is the energy density and s ជ is the energy flux. Such an equation is integrated over all space to show that ‫)‪t‬ץ/ץ(‬ ͐w dVϭ0 in the absence of energy flow through the boundary. Terms like B ជ 1 •ٌ ជ Ќ in our O(⑀) equations will cause the energy conservation equation to be in the form
When integrated over all space, this equation will not satisfy energy conservation to all orders in ⑀ because the ٌ ជ Ќ operator is spatially dependent and terms containing it will not vanish. To correct this, we need to include ٌ ជ ʈ terms that are formally lower in the ordering ͑such as B ជ 1 •ٌ ជ ʈ ) to produce complete divergences. However, for simplicity the lowerorder terms which are kept will not be shown explicitly. Keeping lower-order terms to satisfy energy conservation in this work is similar to the derivation of reduced equations given by Drake and Antonsen. 3 Beginning with the right side of Eq. ͑16͒ and keeping the lower-order terms as mentioned, the pressure equation becomes dp 1 
which can be written in a form useful for showing energy conservation as
where
and the perturbed parallel current has been denoted with a tilde rather than a subscript 1 because it is of order unity. The density equation when ordered is similar to Eq. ͑19͒ in form:
where T ϵ 0 ϩ 1 . Taking the parallel component of the momentum equation given in Eq. ͑16͒ gives
To derive equations for the perpendicular components of the magnetic induction equation and the momentum equation of Eqs. ͑16͒, it is easier to recast the ordering process in terms of the the electrostatic and magnetic potentials. These are ordered as
such that the electric and magnetic fields are
where E ជ A is the applied electric field which is ordered to be consistent with the transport time-scale Ohm's law. Since we have eliminated motions on the perpendicular time scale, E ជ is electrostatic to first order ͑i.e., ‫ץ‬A ជ 2 /‫ץ‬t Ќ ϭ0).
We now look at Ohm's Law and recall that the resistivity is ordered as ϳ⑀ 2 . The first order Ohm's Law is E ជ 1 ϩV ជ 1 ϫB ជ 0 ϭ0, which allows us to write
The perpendicular divergence is ͑see Appendix A͒
͑27͒
which satisfies the needed constraint in Eq. ͑15͒ to the desired order.
Looking at the Ohm's Law in the next order to get an expression for V ជ 2 , we find
͑28͒
The last term in this expression, as well as the parallel component of V ជ 2 , enter in at lower order when considering ٌ ជ Ќ
•V ជ 2 ; thus they will be dropped. Including the fifth term makes it difficult to satisfy energy conservation because we do not evolve the perpendicular component of A ជ 2 ; hence, it will be dropped. The effect on linear stability of dropping this term will be discussed in Sec. IV. Even though the ٌ ជ Ќ
•V ជ 2 term in the pressure and density equations are the only terms containing V ជ 2 , it is necessary for energy conservation that the convective derivative in the pressure equation also contain V ជ 2 ; thus, the first four terms of Eq. ͑28͒ will be added to our definition of V ជ 1 .
The definition of V ជ 1 gives us the salient information about the component of Ohm's Law perpendicular to the magnetic field. To obtain the information from the component of Ohm's Law along the magnetic field, the parallel component of Ohm's Law is ordered:
The last equation can be written as an evolution equation for the parallel vector potential:
where ⌿ϵϪA ʈ ϵϪA ជ 2 •b 0 , and J ʈ 0 has been cancelled
As discussed in Sec. II, the physics of fast magnetosonic waves appears in the lowest-order momentum balance. Since the goal is to eliminate these motions, an annihilator is applied to the momentum equation to eliminate the rapid motions which preserve the MHD equilibrium. The customary operator is B ជ
•ٌ ជ ϫ, which will yield an evolution equation for the plasma vorticity. Here we derive the vorticity equation from the quasineutrality condition, which is formally equivalent to applying the above annihilator but yields a form from which it is easier to show energy conservation. From ٌ ជ
•J ជ ϭ0, we have
Ordering J ជ Ќ which is obtained from the momentum equation, we find
͑32͒
The divergence of J ជ Ќ is zero to leading order ͑this is the annihilation of the fast magnetosonic waves͒. In the next order, only the parallel component of B ជ 1 is left in the pressure term. Substituting p 1 ϭϪB ʈ 1 B 0 , the vorticity equation becomes
B. Divergence of the perturbed magnetic field
Up to this point, B ជ 1 has only been defined by B ជ 1 ϭٌ ជ Ќ ϫA ជ 2 . To make the perturbed magnetic field manifestly divergence free to all orders, it is necessary to keep a lowerorder term so that B ជ 1 ϭٌ ជ ϫA ជ 2 . To relate A ជ 2 to the scalar quantities that are being evolved, we introduce the straightfield-line magnetic flux coordinates 0 ,⌰, which are based upon the axisymetric equilibrium magnetic field B ជ 0 ϭ(ٌ ជ Ϫqٌ ជ ⌰)ϫٌ ជ 0 , where 0 is the poloidal flux, ⌰ and are the poloidal and toroidal angles, respectively, and q ϭq( 0 ) is the safety factor. For specificity, we express the magnetic potential using the straight-field-line coordinates in an axisymmetric magnetic field. However, one can easily generalize this treatment for a different magnetic field coordinate choice. We first express A ជ 2 in terms of two new scalar variables, ͑poloidal flux͒ and ͑toroidal flux͒,
so that
We now need two equations to relate these new variables to the variables we are evolving. By applying b 0 • to Eq. ͑34͒, and can be related to ⌿ by
Ϫ1 is the Jacobian of our coordinate system. This relation allows one to write the perturbed magnetic field in the form
͑37͒
The next needed equation comes from the constraint required to eliminate fast magnetosonic waves, p 1 ϭϪB ជ 0
•B ជ 1 , which only needs to be satisfied to order ⑀: p 1 ϭϪB ជ 0 •ٌ ជ Ќ ϫA ជ 2 . From Eq. ͑37͒, this gives an expression for :
where the toroidal flux function in an axisymmetric equilibrium is IϭRB toroidal and g ⌰ ϭٌ ជ 0 •ٌ ជ ⌰is the off-diagonal metric element. When numerically solving the reduced equations, it will be necessary to numerically solve Eq. ͑38͒ for at each time step, which is not a serious performance issue since the equation is linear, and then algebraically solve for using Eq. ͑36͒ to find the perturbed magnetic field given by Eq. ͑35͒.
Also note that the method given here to obtain a divergence-free perturbed magnetic field is the first time that axisymmetry has been used in the derivation. For nonaxisymmetric configurations such as stellarators, this method can be easily generalized to an appropriate coordinate system.
This form of B ជ 1 is considerably more complicated than earlier representations of the perturbed magnetic field because of the necessity to keep lower order terms in B ជ 1 . To highest order, one only needs the perpendicular component of the magnetic field:
For high-aspect ratio reduced MHD where one expands around the toroidal magnetic field, the perpendicular magnetic field is divergence free (B ជ 1 Ќ ϭٌ ជ ϫٌ ជ ). Also, for an expansion around a vacuum magnetic field, 6 the perturbed, perpendicular magnetic field (B ជ 1 Ќ ϭB ជ vac ϫٌ ជ ) is divergence-free because the vacuum magnetic field is curl-free. In general, however, it is not possible to split the perturbed magnetic field into parallel and perpendicular components, and have each component also be divergence free; we solve this problem by using the form given by Eq. ͑35͒.
C. Energy conservation
Energy conservation is shown by multiplying Eq. ͑33͒ by Ϫ, Eq. ͑23͒ by V ʈ , and Eq. ͑30͒ by J T ʈ . These three equations are then added to Eq. ͑20͒ and an integration over all space is performed. Energy fluxes through the boundary of the enclosed volume are assumed to vanish. The need for keeping terms in V ជ 2 can be seen by looking at the third term of Eq. ͑23͒ and the fifth term of Eq. ͑33͒, both of which should cancel with the third term of Eq. 20. When forming the energy integral, only the leading order terms to J ʈ must be kept:
With this definition of J ʈ , one can form a divergence term that will cancel when integrated over space and assuming no energy flow across the boundary. The integral that is conserved is
͑40͒
This integral avoids the nonstandard conserved energy of the original reduced MHD derivation 1 and is similar to that of Drake and Antonsen 3 and Strauss. 6 Using the above relations, the equations can be summarized as:
D. Simplifications of reduced MHD equations
The reduced MHD equations above, which have the same structure as other reduced MHD equations, have the advantage of fully reproducing the stability criterion of full MHD ͑see Sec. IV͒. Often a simplified set of equations is desired ͑even if the linear properties of the simplified equations are not correct͒ for numerical solutions where one is typically more interested in the nonlinear behavior of MHD. The equations given above can be easily simplified by making a subsidiary ordering based on ␤ϵp/B 2 ϳ␦ n where ␦ Ӷ1 and n is a rational number. The changes due to the subsidiary ordering are primarily in the vorticity equation, pressure equation, and the definition of the velocity. The first ordering of interest is ␤ϳ␦
. Keeping terms
, but dropping terms of order ␦, one finds
The energy integral that is conserved here is the same as the full set of reduced equations, but we note that it is not possible to show that the electron stress tensor term in the pressure equation is positive definite in this case. The equations in this order still retain sound waves, but are simplified primarily in the definition of V ជ 1 , and the elimination of one of the curvature terms in the vorticity equation. The equations here are similar to the equations recently derived by Strauss.
6
The next ordering of interest is ␤ϳ␦. After eliminating terms of order ␦, the relevant equations are ͑52͒ dp
where the curvature term is ordered ␦ 1/2 . Eliminating the divergence term in the pressure equation at this level eliminates sound waves. Because the divergence term is eliminated, it is also possible to keep only the highest order term in the convective derivative, V ជ Ќ •ٌ ជ , and still satisfy energy conservation. In this case, which we choose for simplicity, the parallel momentum equation becomes decoupled from the other equations leaving only four variables that need to be evolved (,p,,⌿). If it is assumed that the divergence term in the density equation can be eliminated at this order ͑or that V ʈ is chosen such that this term is eliminated͒, and that the density is constant in time and space, then energy conservation can be satisfied without the density equation and only three variables need to be evolved (p,,⌿). This form of the equations are similar to conventional ''high-␤'' reduced MHD, and like conventional reduced MHD, the energy conservation relation that it satisfies is non-standard 2 due to the elimination of sound waves. The explicit derivation of conventional reduced MHD from these equations is shown in Appendix B.
The final ordering of interest is ␤ϳ␦ 2 . The relevent equations at this order are
.
͑58͒
This ordering eliminates the curvature term in the vorticity equation which decouples the pressure equation from the other equations leaving two variables to be evolved (,⌿). This set most closely resembles the conventional ''low-␤'' reduced MHD equations. 
E. Equilibrium shear flow
Here we briefly show that it is possible to selfconsistently add equilibrium shear flow to the previous equations. To do so, we change the velocity ordering in Eq. ͑8͒ to
The equilibrium flow velocity is ordered such that
is motivated by stability studies, while the equivalent scaling of Eq. ͑61͒ shows that we are using a low Alfven Mach number approximation, which is valid for magnetic fusion plasma experiments. Because of this ordering, terms that contain only equilibrium quantities will appear in lower-order equations. Without loss of consistency, we are able to assume ‫ץ‬V ជ 0 /‫ץ‬tϭ0 and add these terms to the equilibrium equations ͓Eq. ͑13͔͒ so that they become:
These are the equilibrium equations with shear flow that were studied by Hameiri. 14 As shown in that reference, the equilibrium shear flow may be written in the form
where 0 ϭ 0 ( 0 ). Because it is possible to write the equilibrium flow velocity field in the same form as the perturbed velocity field, one can add shear flow to Eqs. ͑41͒ by changing to 0 ϩ and dropping any equilibrium terms. In contrast to conventional reduced MHD ͑where V ជ 1 ϭٌ ជ ϫٌ ជ ), these equations allow for flows other than a poloidal flow.
F. Closure relations
Stress tensor terms are ignored in the resistive MHD approximation. In this section, we briefly discuss the stress tensor terms included in these equations in terms of neoclassical closure theory. 15, 16 In the neoclassical MHD theory 7 for a tokamak plasma, the differences between the parallel ͑per-pendicular͒ and toroidal ͑poloidal͒ directions is crucial for obtaining the key physics results. For conventional reduced MHD where there is no such distinction, it is difficult to incorporate all of the relevent physics. 7, 17 However, in the present formulation, the neoclassical physics is easily captured.
The vorticity and momentum balance equations require different forms of the viscous stress tensors. Unfortunately, conventional neoclassical theory only yields particular projections of the stress tensors in particular asymptotic temporal regimes ͑namely on time scales long compared to the ion collision time͒. In this work, we propose a form for the viscous stress tensor which yields the correct asymptotic forms. Namely, for ٌ ជ
•⌸, we suggest the form
where s is the viscous damping frequency for each species s, which depends on the collisionality regime. This form for the ion viscous stress tensor yields the important physics of poloidal flow damping from the parallel momentum balance equation. It is important to realize that this effect cannot be represented in conventional reduced MHD descriptions since the only perturbed flow allowed within the flux surface is poloidal. 17 Further, the presence of a viscous term in the vorticity equation in combination with the parallel momentum balance gives the neoclassical polarization-current enhancement of neoclassical MHD theory. 7 For the perturbed electron stress tensor, the form is simplified if we order the relation between the electron velocity V ជ e and the MHD variables that we are evolving:
This form of the electron velocity when substituted into the electron stress tensor term in the parallel Ohm's Law gives rise to the neoclassical enhancement of the plasma resistivity and the perturbed bootstrap current, which is important for neoclassical tearing modes. The suggested forms for the viscous stress terms have convenient forms for demonstrating energy conservation. The stress tensor terms on the right-hand side of Eqs. ͑23͒, ͑30͒, and ͑33͒ can be shown to be negative definite thus heating the plasma through the viscous heating terms that appear in the pressure equation with which they cancel.
IV. LINEAR STABILITY ANALYSIS OF THE REDUCED EQUATIONS
Writing the equilibrium magnetic field as B ជ 0 ϭٌ ជ ␣ ϫٌ ជ , the perpendicular wave number can be written as k Ќ ϭk ٌ ជ ϩk ␣ ٌ ជ ␣. This expression for k Ќ allows us to classify modes for which our ordering is valid into two categories: ͑1͒ resistive layer modes, such as interchange and tearing modes, where the modes localize near a rational surface and one can order
and ͑2͒ ballooning modes where both k and k ␣ are order 1/⑀ such that the modes are poloidally localized. Applying the WKB formalism of ballooning theory to our equations reproduces the ballooning equation in a manner that is similar to the treatment of Hazeltine and Meiss. 5 In this section, we discuss the resistive layer modes in a general axisymetric device.
A. Resistive layer modes
In this section, the inner linear resistive-layer equations for the reduced equations are discussed. The layer equations are derived from the narrow layer width approximation characterized by the ordering
A detailed derivation of the inner-layer equations, shown in Appendix C, follows the methods used by Johnson and Green 18 and Glasser, Greene, and Johnson 19 ͑GGJ͒. The results are contrasted with GGJ to elucidate the approximations that were made in the derivation of the reduced equations.
Neglecting the stress-tensor contributions, the innerlayer equations become
for the variables ⌿ ,⌶,⌼, and ⌫. The definitions of the variables and constants may be found in Appendix C. The equations exactly match those of GGJ except for the term in the pressure equation containing R. Using the definition given in Appendix C, it is possible to express R as
where B T (B P ) is the toroidal ͑poloidal͒ magnetic field. As can be seen, this term is of order unity, which will be smaller than G when G is large enough to be significant as shown in the Appendix of GGJ. Hence, the reduced equations presented here exactly reproduce the ideal and resistive MHD instability criterion and growth rates. We conclude that the dropping of the term in our equation for V ជ 2 , which is not rigorously justified in our expansion yet necessary for energy conservation, has negligible effects on the linear stability. Our other significant approximation, J ʈ ϭٌ 2 ⌿, also has no effect on stability. The reduced MHD description given in this work reproduces the linear growth rates and instability conditions for tearing modes in a tokamak plasma because the narrow-layer width ordering is a subset of the ordering used in these equations.
V. SUMMARY
A new multiple-time-scale technique based on assuming a disparity of wavelengths along and perpendicular to the magnetic field has been used to reduce the MHD equations. This derivation has the advantage of clearly separating the three time scales of the problem associated with ͑1͒ MHD equilibrium, ͑2͒ fluctuations whose wave vector is aligned perpendicular to, and ͑3͒ those aligned parallel to the magnetic field. On the equilibrium time scale, the equilibrium quantities were shown to be time independent and satisfy exactly the MHD equilibrium equations, in contrast with conventional reduced MHD where the equilibrium equations themselves are reduced versions of the general equilibrium equations. The fast, perpendicular time-scale motions, which were shown to be fast magnetosonic waves, came in at the same order as the equilibrium equations. To assume that these waves equilibrate to the equilibrium, constraints must be placed on the perturbed quantities. These constraints allow one to derive equations that evolve five scalar functions on a time scale associated with the parallel wave vector ͑shear-Alfven wave time scale͒, which is the time scale of interest for instability studies.
A major advantage of the reduced equations derived here is that they reproduce the stability criterion for resistive layer modes. Because the perturbations are expanded about the exact equilibrium equations, the derivation followed in this work is similar to previous linear stability analyses. 11, [18] [19] [20] However, by emphasizing energy conservation and a divergence-free perturbed magnetic field when keeping the nonlinear terms, these equations are suitable for nonlinear, numerical simulations. Conventional reduced MHD, which does not contain the correct linear physics, has been a successful model for numerical simulations of plasma phenomena because it contains the key nonlinear physics and maintains an energy conservation relation. The equations here incorporate results learned from linear stability analysis within the framework of reduced MHD.
The reduced MHD equations derived here also allow the consideration of two effects not normally considered in reduced MHD: equilibrium shear flow and neoclassical effects. The inclusion of both of these effects is aided by keeping the evolution equation for the parallel velocity, which is normally not evolved. The inclusion of the parallel velocity allows the equilibrium velocity to be expressed in the same form as the first-order velocity so that inclusion of shear-flow effects is very straightforward. The keeping of the parallel evolution equation allows the neoclassical effects of poloidal flow damping and polarization current enhancement to be included in addition to the bootstrap current which had been used in reduced equations previously. 17 The numerical solution of these equations, including these two effects, will be considered in future work.
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APPENDIX A: PROPERTIES OF THE PERPENDICULAR AND PARALLEL GRADIENT OPERATORS
The ordering used is somewhat unusual in that it is based on operators rather than physical quantities. Because the derivation requires a familiarity with the properties of the ٌ ជ ʈ and ٌ ជ Ќ operators, this appendix summarizes those that were found useful.
We define
and consider the operations of these operators on any scalar function f and vector function A ជ .
Gradient
so that 
The perpendicular divergence is then
These relations are identities. Because Ќ Ӷa, the gradients of the equilibrium quantities are order ⑀ smaller than the perpendicular gradients of perturbed quantities and can cause confusion when ordering these relations. As a simple example, consider the divergence of A ʈ b 0 . To first order we have the perpendicular divergence:
The first term is zero and the second term should really be interpreted as ٌ ជ •b 0 , which is order ⑀. Thus, this last term appears in the next order of the divergence, which is the parallel divergence:
As a practical way of deriving many of the terms, one can take the ٌ ជ Ќ operation on an equilibrium quantity to be zero, and convert ٌ ជ ʈ operating on an equilibrium quantity to be ٌ ជ , which is similar to how Hazeltine and Meiss 5 present their derivation. The fundamental ordering however is that given by Eq. ͑2͒.
The perpendicular curl is
APPENDIX B: REDUCTION OF EQUATIONS TO CONVENTIONAL REDUCED MHD
In this Appendix, the relation of Eqs. ͑46͒, where it has already been assumed that ␤ is small, to conventional reduced MHD is made explicit. Conventional reduced MHD uses the large-aspect ratio assumption of
As shown in Eq. ͑1͒, this ordering is a subset of the ordering already used. The dominant change in Eqs. ͑46͒ is due to the equilibrium magnetic field also being ordered. The parallel direction is now the toroidal direction:
The toroidal flux function I is approximately constant in this ordering, such that the magnitude of the magnetic field is also a constant (B 0 ϷI 0 /R 0 ).
Only the perpendicular component of the perturbed magnetic field is kept because, as discussed in Sec. III, to highest order B ជ 1 •ٌ ជ ϷB ជ 1 •ٌ ជ Ќ ϭB ជ 1 Ќ •ٌ ជ . The perpendicular component of the magnetic field is, using Eq. ͑35͒,
Similarly, the expression for the velocity in Eq. ͑46͒ becomes
where Јϭ(R 0 2 /I 0 ). Like the perpendicular magnetic field, the perpendicular velocity field is divergence-free in this model.
We first consider the pressure equation. In this paper, a distinction was made between equilibrium terms and perturbed quantities because the ordering was performed differently for the two quantities and the equilibrium equation was not reduced; however, this distinction is usually not made for reduced equations where p denotes both the equilibrium and perturbed quantities. Ignoring the stress tensors and resistive heating, the pressure equation becomes
Ohm's Law becomes
where the parallel vector potential has been related to the poloidal flux by ordering the parallel component of Eq. ͑34͒:
At high-aspect ratio, where only the perpendicular gradient is needed and the magnetic field is approximately constant, the inertia term in the vorticity equation becomes
͑B8͒
where Uϭٌ ជ Ќ 2 Ј. The curvature term becomes
For the kink terms, we first write the equilibrium parallel current as ٌ ជ Ќ 2 0 . Again we do not distinguish between equilibrium and perturbed quantities to write the kink terms as
Multiplying through by I 0 , the vorticity equation becomes
͑B11͒
͑B12͒
Equations ͑B5͒, ͑B6͒, and ͑B11͒ are the conventional reduced MHD equations.
APPENDIX C: DERIVATION OF THE RESISTIVE INNER-LAYER EQUATIONS
In this Appendix, linear equations are found for the inner resistive layer based on the narrow-layer width approximation. The formalism used in Refs. 18-20 is used in deriving these equations.
We begin with the linearized version of Eqs. ͑41͒ with the perturbed quantities now denoted with tildes:
We will consider a narrow-layer width at the qϭM /N rational surface where we adopt the usual resistive layer ordering [18] [19] [20] xϵϪ s ϳ␥ϳ
Equilibrium quantities will be considered to be approximately constant across the layer. We also order the perturbed variables as:
The potentials are ordered such that when the derivative with respect to 0 is taken, they will be of the same order as the primitive variables. Because we are considering perturbed quantities near the rational surface, it is helpful to change from the straightfield-line coordinate system of Sec. III ͑using 0 ,⌰,) to a 0 ,⌰,u coordinate system where u is the helical angle defined as uϵNϪM ⌰. This translation of coordinates will allow easier identification of resonant perturbations when Fourier expanding the perturbed quantities:
Before considering the lowest order equations, note the second-order terms in Eqs. ͑C17͒ and ͑C18͒. To annihilate these problematic terms, the following operator is introduced:
